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Abstract 

We investigate the explicit form of the fermionic zeromodes in heterotic fivebrane backgrounds. 
By explicitly solving the fermionic field equations in fivebrane backgrounds, two normalizable and 
physical fermionic zeromodes are obtained. Each of these zeromodes has a non- vanishing gravitino 
component. We suggest a possible scenario of the gravitino pair condensation. 
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I. INTRODUCTION 



Supersymmetry is a very attractive symmetry, but we do not have any concrete experi- 
mental evidences which support this symmetry at low energies. Therefore it must be broken 
spontaneously in some way. It is desirable that supersymmetry is broken dynamically, and 
one interesting scenario was proposed in Ref.jlj]. In this scenario, local supersymmetry is 
broken due to the topological effect of the gravity. As an explicit realization of this scenario, 
four- dimensional supersymmetry breaking in the background of Eguchi-Hanson metric is 
well-known Q]. In this special background there are non-trivial gravitino zeromodes, and 
these zeromodes induce the gravitino condensation (ipab^ 0,13 ) 7^ which means the breaking 
of supersymmetry through the Konishi anomaly relation. 

It is an interesting question whether this scenario is possible in the string theory, because 
the string theory can be considered as a consistent theory of the quantum gravity. The 
heterotic fivebranes, or the Callan-Harvey-Strominger (CHS) solitons, are known as exact 
solutions of the heterotic string theory !3|. These solitons keep just a half of the supersym- 
metry of the heterotic string theory. In Ref.Q a background field configuration, which is 
similar to the one of the heterotic fivebrane, was studied, and the existence of the grav- 
itino zeromodes which can contribute to the gravitino condensation was explicitly shown. 
Therefore, we can expect the existence of gravitino zeromodes also in the heterotic fivebrane 
background. 

The supersymmetry breaking in ten-dimensional spacetime of the heterotic string theory 
has no direct relation to the supersymmetry breaking in the real world. We need further 
ideas to construct realistic models. But it is interesting to study the dynamics of fermions in 
the string theory which could trigger some interesting phenomena like the supersymmetry 
breaking; first step. 

In this paper, we find the explicit form of two fermionic zeromodes in the heterotic 
fivebrane background by explicitly solving the field equations of fermions. They can be 
considered as well-defined physical zeromodes which can contribute to the gravitino conden- 
sation. 

This paper is organized as follows. A short review of the heterotic fivebrane is given in 
the next section. In Sec JIIIl we explicitly derive the field equations for fermionic zeromodes. 
In Sec JIVI we give the explicit solution of these field equations. The argument of physical 
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conditions of these fermionic zeromodes is also given in this section. In SecjV] a possible 
scenario of the gravitino pair condensation is suggested. 



II. A SHORT REVIEW OF THE HETEROTIC FIVEBRANE 



The soliton is the solution of the classical field equation, and it is distinguished from 
other vacuum solutions by being translationally non- invariant. In the string theory, many 
objects with solitonic properties have been discovered. Especially, the heterotic fivebrane, 
or the CHS soliton, is one of the important solitons. It is an exact solution of the heterotic 
supergravity, and moreover, its validity as a solution of the heterotic string theory can be 
confirmed using the conformal field theory in a certain limit. In this section, we give a short 
review of the construction of this soliton. 

The action of the heterotic supergravity is gtvea in Ref.Q. After the field redefinition of 
Ref.y, 
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where M, N, . . . are indices of ten-dimensional spacetime coordinates, a stands for Eg x 
Eg adjoint index, and r MiVP " are totally anti-symmetrized gamma matrices. They are 
normalized as T MN = 1/2\(T M T N — T N T M ). This action has M = 1 local supersymmetry. 
The three-form tensor field H plays an important role in the construction of the heterotic 
fivebrane. It is related to the two form potential B as described in Ref.jlj]. 
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where dots mean higher-order a' corrections and u^ orentz (Q + ) and uuj (A) are the Chern- 
Simons three-forms whose exterior derivatives give TrR(Q + ) A R(Q + ) and trF(A) A F(A), 
respectively. Taking the exterior derivative of Eq.(J3J), the famous anomalous Bianchi identity 
is obtained. 

dH = a' (TrR(Q + ) A R(Q + ) - ^trF(A) A F(A)^j + .... (6) 
We define the generalized spin connection Q± as 

O AB AB I 77 AB f 7 \ 

where u>m AB is the usual spin connection (the sign of our uj is opposite in comparison with 
the one in Ref. P]), and H plays a role of the tortion in Q±. In order to obtain the solitonic 
solution, it is convenient to look for the bosonic backgrounds which are annihilated by 
a part of supersymmetry transformations. Only the vacuum is annihilated by all of the 
super symmetry variations. 

In zero fermionic backgrounds, supersymmetry variations take especially simple form. 
All the variations of bosonic fields vanish, and the variations of fermionic fields are 

6ip M = (d M + hl. M AB Y AB ^j e, (8) 

5x a = -\F a MN T MN e, (9) 

sx = -~ (r M d M <$> - l -H MNP T MNP ^ 6, (10) 

where the infinitesimal parameter e belongs to the 16 dimensional Major ana- Weyl spinor 
representation with positive ten-dimensional chirality. 

Now we consider the solitonic solution with the fivebrane structure. We assume that all 
the fields are independent of the coordinates along the fivebrane. Then, the Lorentz sym- 
metry is decomposed into SO(5, 1) x £0(4) C £0(9, 1), and the supersymmetry variations 
are parameterized by the spinors of e + © e_ = (4, 2 + ) © (4*, 2_). It can be verified that the 
following backgrounds are annihilated by just a half of the supersymmetry transformation 
parameterized by e+. 

Ffw F^ u , (H) 
H^ P = -yfge^dP®, (12) 

5V = e2 *V- ( 13 ) 



Here, indices /i, u, . . . stand for the four- dimensional Euclidean coordinates transverse to the 
fivebrane. 

The explicit form of the dilaton field $ is not determined yet. It can be determined using 
the anomalous Bianchi identity of Eq.(|5]l. With Eq. (jl2j) . this identity can be rewritten as 

e~ 2 W = a' \TrR(ft + ) A R(Q + ) - ^trF(A) A F(A^J + .... (14) 

Here, we take the gauge field configuration as SU{2) selfdual instanton embedded in the 
SU(2) part of Eg D SU{2) x Ej, and make the following identification. 

R^ + ) ab = \n Iab F^ (15) 

where I is the SU(2) adjoint index and r\ is the 't Hooft's anti-selfdual 77 symbol. To realize 
this identification, R^ u (fl + ) should be anti-selfdual. The anti-selfduality is ensured by the 
condition of De 2 * = 0, where □ is the usual four- dimensional Laplacian 5 ab d a db. As a result 
of this identification, the right-hand side of Eq. (jl4j) vanishes, and we obtain an exact formula: 
e -2$|— | e 2«i> _ q ^his procedure is the analogy of the familiar trick used in the Calabi-Yau 
compactification of the heterotic string theory (standard embedding, see Refs.j^, |^). As a 
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where the constant term e 2 * is determined by the value of the dilaton field at the infinity 
and xqi is the position where the Ith fivebrane is located. Qi are interpreted as the charges 
of heterotic fivebranes, and they are quantized as the integral multiple of a' [13]. The global 
geometry of this soliton is considered as half- cylinders glued into a flat Euclidean space, or 
a collection of semi-wormholes. We will consider only the single fivebrane from now on. 



III. FIELD EQUATIONS FOR FERMIONIC ZEROMODES 

In the previous section, the concrete structure of the heterotic fivebrane was introduced. 
We are now ready to discuss about the fermionic zeromodes in this backgrounds. Following 
Ref. 0, fermionic field equations are explicitly derived from the action of Eq.(J2J). 
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We are interested in the solution of these field equations. Since the action of Eq.(|2J) is in- 
variant under the supersymmetry transformation, the fermionic variations of Eqs.(jHJ), © 
and ()1U|) are possible candidates for fermionic zeromodes. As we have seen in the previous 
section, the heterotic fivebrane holds a half of supersymmetry by e + . Therefore, the super- 
symmetry variations by e_ are relevant to the fermionic zeromodes. The explicit formulae 
of these variations in the heterotic fivebrane backgrounds are 
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where 7] is an arbitrary Weyl spinor with negative four-dimensional chirality, I is the SU(2) 
adjoint index, and ten-dimensional gamma matrix T is replaced by the four-dimensional one 
7. The field equations for fermionic zeromodes can be obtained by simply neglecting their 
dependence along the fivebrane. This simple dimensional reduction of Eqs.(JT7J), (fTHJ) and 
(Unj) to four-dimensional space gives the following equations. 



(d v - \d u ^j if>- + 2db&flfc + kf{D v - d u )\ + - = 0, 
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r (V, - d^) x l - + \ri up Fl p % + ^l^F^K = 0, (24) 
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IV. EXPLICIT CALCULATIONS 



In this section, we find the explicit form of the solution of the fermionic field equations 
and check its validity as physical fermionic zeromodes. 

First, we solve the dilatino field equation of Eq.(|23|). It contains a term —jF^j^x 1 
whose order in the derivative expansion does not coincide with the one of the other terms. 



We can neglect this higher-derivative term, since all the fields are considered to be leading 
order in the derivative expansion of the full heterotic supergravitiy theory. Therefore, the 
dilatino field equation which we should solve is 



- 87^ (d, - -c^ A - 2^(D„ + dfi)$ v - «W = 0. 



(26) 



It is easy to see that supersymmetry variation of Eqs.(j20J), (jHJ) and (j22J) are the solution of 
the field equations of pi j) and (f2Tfll. 

Notice that the kinetic terms of dilatino and gravitino fields are not diagonalized in the 
action of Eq.(j2J) and the four-dimensional field equations of Eqs. fl23|) and (j^UJ). We can 
diagonalize this kinetic mixing in Eqs. (j23J) and (|2*Bj) with the field redefinition of 

^ - W - 2 7/A (27) 

The solution of the diagonalized field equations is 

^ = (d,-d^) V , (28) 
A = ~\d^l^ (29) 
X 1 = -\F^ V . (30) 

The explicit form of the spinor rj has not been determined yet. It can be fixed by imposing 
the gauge condition to the gravitino solution. 7-tracelessness, 7 / V ( u = 0, is usually used as a 
gauge condition, but in the present case the other gauge condition, namely D^ip^ = 0, gives 
simpler result. This gauge condition requires rj to be a constant r] Q , and the explicit form of 
the solution is 

</V = -d^Vo, (31) 
A = -^$7^0, (32) 

X = —F^rjo. (33) 

The normalizability of this solution in the four- dimensional space can be checked easily. 
We can find two zeromodes, since rj Q is defined as a four-dimensional Weyl spinor. Here, 
notice that these zeromodes are derived as supersymmetry variations. Therefore, there is 
a possibility that the zeromodes are gauged away and unphysical. But as we will see in 
the followings, they cannot be gauged away. The gauge parameter which define a gauge 



transformation should be normalizable. In the present case, corresponding gauge parameter 
770 is not normalizable, since it is a constant. Therefore, rjo does not define gauge transfor- 
mation. This means that the zeromodes can not be gauged away, and they are physical. We 
can expect some fermion pair condensations since the number of the obtained zeromodes is 
exactly two. 



V. CONCLUSION 



We found two physical fermionic zeromodes in the heterotic fivebrane backgrounds by ex- 
plicitly solving the fermionic field equations. Two gravitino zeromodes are found in contrast 
with the result in Ref.[6|, in which no gravitino zeromodes were found using the extended 
index formula. A possible scenario of the gravitino condensation is as follows. 

It has been pointed out in Ref.fbij that a four-fermion term, which appears in the next 
order of the a' expansion in the action of the ten-dimensional heterotic supergravity, can 
give a perfect square term 

2 j 

{Hmnp ~ ^Hx? mnpX)Y ■ (34) 

If we can demand that the cosmological constant vanishes in the heterotic fivebrane back- 
grounds, the gaugino bilinear tr(xT mnpx) m Eq-(J2H) should have the vacuum expectation 
value to compensate the non-vanishing field strength Hmnp- On the other hand, the su- 
persymmetry transformations of the gravitino and dilatino have the following next order 
corrections in the a' expansion 0. 

1 



tr(xT NP sx) + *p ab T N ps*Pab , (35) 
tr(xT NPS x) + ^^NPS^ab ■ (36) 



From this transformation rule, it is clear that the gaugino condensation tr(xT MNP x) 7^ 
breaks all supersymmetry. But the heterotic fivebrane should be invariant under a half 
of the supersymmetry transformations induced by e + G (4, 2+). Therefore, the gravitino 
should condensate so that the gaugino condensation are cancelled out in Eqs.(j2HJ) and 
The fact that the existence of both gravitino and gaugino zeromodes could suggest such a 
phenomenon. 
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